We present two nonlinear equations for Melde's string by expanding the Lagrangian in terms of the equilibrium strain and retaining the second order term. Periodic solutions of these equations and their stability are discussed in the lowest order of the averaging method.
We present two nonlinear equations for Melde's string by expanding the Lagrangian in terms of the equilibrium strain and retaining the second order term. Periodic solutions of these equations and their stability are discussed in the lowest order of the averaging method.
Recently, Kidachi and Onogi 1 ) considered Melde's string and derived a nonlinear 
where u is the displacement of the string, p is the mass density of the string per unit length, and To is the mean strength of the tension applied to the string; E and ware the magnitude and the angular frequency of the periodic variation of the tension, respectively.
They assume that the tension is independent of the displacement and that nonlinearity appears where one calculates the component of the tension along the displacement using au/ax.
We note that the string changes its length in vibration, so the tension clearly depends on the displacement. One might think this effect is so small that it should be negligible, but the simple estimate given below shows it is much larger than the effect considered in Ref. 1).
Let the tension T be the sum of the equilibrium value T eq , the oscillating part Tosc and the increment due to the displacement L1T. Then the small displacement approximation gives the coefficient of U xx in (1) as
where U x denotes au/ax. We estimate the ratio of the last two terms relying on Hooke's law. The result is (3) where Eeq denotes the strain in the equilibrium state and (u;/2) denotes the average of u;/2 over the string at a fixed time. Strings made of thin wire or silk thread and similar materials are usually used in Melde's experiment, where Eeq is clearly small. Thus we conclude (1) is incorrect.
We note here that the element of a string vibrates not only vertically to but also along the equilibrium state, which one can easily observe if one attaches some small mark to the string. We call the former type of motion 'the transverse motion' and the latter type 'the longitudinal motion' for simplicity. Hence we adopt Lagrange's picture for the string and present, starting from a local version of Hooke's law, 2) a system of equations of motion that properly describe Melde's string with small equilibrium strain.
We define the parameters of the string in the natural state as follows: the length is So, the mass density is 0'0, and the elastic constant is K.o. First we stretch the string between two fixed points. The equilibrium tension To is given by Hooke's law,
where l is the distance between the points, and (l -so) / So is the equilibrium strain.
We denote this quantity by E and assume ° < E « 1 here.
We introduce the Cartesian coordinate system whose origin is located at one of the fixed points. Let the other fixed point be (0,0, l). In Melde's experiment, this point oscillates, and its position is given by (0,0, l + a cos nt).
Each element of the string is labeled by s, which represents the distance of this element from the origin in the natural state. Thus in the stretched state, a given element is at a point (0,0, z), where z is given by (l/ so)s.
In vibration, let the element marked by s be at r = (~, "1, z + (). The tension T here is given by T = K.o(lrsl -1), which is the local version of Hooke's law. Here rs denotes arias.
The kinetic energy of the string K and the elastic energy U are given by ro ro
(5)
with T = K.o(lrsl-1). The boundary condition is
In Melde's experiment, one end of the string is often not rigidly supported but connected to a weight over a pulley. We will touch on this problem at the end of this paper. Now, the oscillation of one end of the string induces the temporal change of the tension, and the transverse vibration becomes unstable for a certain range of n. In Melde's experiment, we observe a significant transverse vibration if n is varied around 2w n , when n is not too large. Hence we scale variables as follows:
The transverse amplitude is much larger than the longitudinal amplitude. Thus we define
Note that tilded quantities are dimensionless, and we assume they are 0(1).
After some manipulations, we obtain the Lagrangian in terms of these variables:
where (8) We have omitted all tildes for simplicity and use vector notation, setting e = (~, ",)
here. Neglecting terms of O( £3) and higher, we obtain Lagrange's equation of motion for e,
For ( we obtain
from which follows ( = sa cos ilt + s fol e;/2 ds -fo8 e;/2 ds,
where we used the boundary condition for (; i.e.,((O, t) = ° and ((1, t) = a cos ilt.
Combining (9) and (11) yields (12) The boundary condition is e(O, t) = e(1, t) = 0.
We refer to the system consisting of Eqs. (11)- (13) as the 'nonlinear equations for Melde's string'. Note that the nonlinear effect comes in the form of the integration, not locally. The integration is related to the instantaneous length of the string i, and we can easily rewrite (12) as (14) Note we have used unsealed variables here. The transverse vibration of a string seems to obey a linear wave equation! The tension itself, however, is determined by the instantaneous length of the string, which brings in the nonlinearity. Now we introduce the Fourier component of e as follows:
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Then we obtain (17)
We write 7rt as t and D/7r as D in the Fourier transformed world for simplicity. Then we define (18) We call An the angular momentum of the nth mode. This is because the angular momentum of the nonlinear equations for Melde's string defined by C = f~(~1Jt -1J~t) ds is reduced to be C = I:(2/n7r)2 A n /2. From (17) we obtain An = constant, which shows the angular momentum of each mode is conserved separately.
We set Xn -=f. 0 for a certain n, and X n , = 0 for all n' -=f. n to obtain 
From (17), (20) and (21), we obtain where
with Dn = fI/(2n). An defined by (18) is rewritten (25) V is then rewritten as
where E, F, G, H and I do not contain [}t explicitly. We consider the problem at the lowest level of approximation; i.e., we neglect all terms but E here.
After some manipulation, we obtain for (22) and (23) where
and X denotes the derivative of X with respect to T = n 2 (2/[})t. We denote the values of C n and Sn for which the right-hand sides of (26) vanish by C n and Sn. They correspond to the stationary state in our approximation. We can discriminate their stability against perturbations, 8C n and 8S n , by the equations describing the temporal development,
where P n , Qn and Rn are given by (27), (28) and (29), respectively, with C n and Sn substituted for C n and Sn. We list below the values of C n and Sn and the corresponding stability, assuming a is positive.
Solution A:
C n = 0, 3. Solution C: (C n , Sn) = O. This solution exists only when Sl~ > 1 + a and corresponds to the rotation of the string. Some manipulation shows it is stable only if the perturbation does not introduce extra angular momentum; i.e., 8An = O.
These solutions qualitatively describe vibrations we observe in Melde's experiment.
Letters Vol. 100, No. 6 About seventy years ago, Schlesinger 4) studied both theoretically and experimentally the large amplitude vibration of a string whose one end is tightly bound while the other end is connected to a linear oscillator composed of a weight and a spring which obeys Hooke's law. He started from the following equation
where So denotes the equilibrium tension and LlS(t, A) denotes the variation of the tension depending on the amplitude A. We have shown in this paper Schlesinger's equation is correct up to second order in the equilibrium strain. Now we return to the pulley. The author of the present paper experimentally studied 5) the transverse vibration of a string with one end rigidly fixed and the other end connected to a weight over a pulley, and driven transversely by an external force. The vertically suspended part of the string was observed to be slightly drawn into the transversely vibrating region, while the amplitude was significantly large. The draw of the string will occur in Melde's experiment too, if the transverse amplitude becomes significantly large. The quantitative analysis requires the proper treatment of the pulley, however, the estimate of the ratio of the two nonlinear effects (3) still remains valid there.
It is important to study classical strings including the damping mechanism in view of cultivating the background of introductory physics.
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